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ABSTRACT
Many large scale overland flow and groundwater flow models such as the MODFLOW
model rely on the conservative property of finite volume methods to conserve mass.
When implicit finite volume methods and linear equation solvers are used in model for-
mulations, commonly available iterative solution methodsreferred to as preconditioned
conjugate gradient methods or Krylov Subspace methods givereliable mass balance
conditions only when the matrix is well conditioned. There is no easy way to look at
a model data set and determine if a matrix is ill-conditionedor not. The current paper
describes a dimensionless mesh ratio that can be used for this purpose during mesh
generations. The paper includes plots of this mesh ratio fora regional model for south
Florida. These plots can be useful for deciding the proper mesh size. The results also
include estimates of mass residuals corresponding to various mesh ratios.

INTRODUCTION
There are consequences of using very large time steps in models when the parameters
and the variables are in extreme ranges. The obvious consequence is instability. The
second consequence is the large truncation error resultingfrom large space and time
discretizations. Truncation error has been investigated earlier (Lal, 2000), and is there-
fore not discussed here. The current paper describes a thirdconsequence which result
in large mass balance errors even when conservative numerical methods are applied and
implicit solution methods are used to solve them.

The mass residual in a conservative numerical model is the result of poorly con-
ditioned linear equations and the iterative solver packages that are used to solve them.
The mass residual is largest when the time step is extremely large and the parameters
and the variables fall within certain extreme ranges. With regional hydrologic models,
the condition number and the closure criterion can determine the residual in the con-
servation equation within a model. Even if the mass residualis related to the condition
number of a matrix, a dimensionless number referred to as themesh ratio is introduced
in this study as a surrogate for the condition number becauseit is not easy to obtain the
condition number of very large matrices. Unlike the condition number, mesh ratio can
be plotted spatially for each cell, and used to evaluate the spatial discretization. The
influence of the mesh ratio on the model run time is investigated using MODFLOW
(McDonald and Harbough, 1988) and the RSM model (Lal et al., 2005) used in south
Florida. A spatial map of the mesh ratio used for the purpose is also shown.



THEORETICAL CONSIDERATIONS
In order to understand the residuals in the equations of massconservation, the underly-
ing finite volume formulation has to be looked at first. The equation of mass balance in
integral form used in the finite volume methods is
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This can be written for all the finite volume cells in vector form as

A(H) · dH
dt

= q·(H)+S(H) (2)

in which H = [H1,H2, . . .Hm . . .Hwb]
T is a vector containing the average heads in the

cells;q(H) = [q1(H),q2(H), . . .qwb(H)]T ; qi(H) = vector containing the net inflow of
the cells;S(H) = the source terms in vector form;A(H) = a diagonal matrix whose
elementsAmm are the effective areas of the cellsm. This general formulation applies
to both the RSM model and the MODFLOW model. The ordinary differential equa-
tions (2) are solved by using the following implicit finite difference formulation

[A−∆tMn+1] ·∆H = ∆t[Mn] ·Hn +∆t[Sn+1] (3)

Equation 3 is a system of linear equations in the formP.x = b where the right hand side
in general represents the net inflow during one time step. Thecomputational procedure
begins with the setting up matrixM, which in turn requires the assembly of flow resis-
tance expressions across adjacent cells. Details of the solution of (3) can be found in
Lal, (1998), Lal et al, (2005), Akan and Yen, (1981) or McDonald and Harbough, et al.
(1988).

The dimensionless mesh ratioB defined here directly relates to the diagonal
dominance of matrixP. This can be illustrated using the actual matrixP itself.

B =
mi j∆t

Ai
(4)

wheremi j is the resistance term between cells or water bodiesi and j such that the
discharges across them ismi j(Hi −H j). In the matrix formulation of (3), the condition
for diagonal dominance is written as

B > Bc (5)

whereBc = a critical mesh ratio;Bc ≈1/ε, andε = machine precision. For groundwater
flow, the mesh ratio described in (4) can be expressed approximately using
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(6)

in which, Ac = cell area;W/D = aspect ratio defined as the ratio of the length of the
longest cell wall to the height;∆t = time step;T = transmissivity of the aquifer. For



unconfined aquifers,T ≈ k d wherek = hydraulic conductivity andd = depth of the
aquifer. This equation shows that largeAc values and small values ofT and∆t are
important for diagonal dominance. For 2-D overland flow models such as RSM, mesh
ratio Bo can be defined as
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When evaluating the residual of implicit finite volume methods, a term residual ratios
used in the following sections is defined as

srm =
∆ro

|∑q(H)|∆t + |S(H)|∆t
(8)

whereq(H) represents the net inflow of overland and groundwater flow;∆ro = ob-
served volume residual;S(H) = summation of source and sink terms related to rainfall
and evapotranspiration (ET).

NUMERICAL EXPERIMENTS
The goal of the first experiment with the RSM model was to find the value of the mesh
ratio at the point of breakdown of the mass balance equations. During this experiment,
a constant inflow rate was introduced into the model domain with all the outflow bound-
aries closed. This allowed the water level in the model domain to rise until there was a
breakdown in the mass balance equations. This test was carried out with various time
steps, Mannings roughness values and cell sizes to generatea wide variety of mesh
ratios.

The second experiment involved RSM model implementations over two areas of
the Florida Everglades. The first area is cell 4 of the storm water treatment area 1 west
(STA1W) managed by the SFWMD. The second area is the nearby Water Conservation
Area 2A (WCA2A). During the test, a constant inflow rate was assumed at the marked
cell. In order to obtain large mesh ratios for the experiment, an artificial condition was
created with a net inflow, zero outflow, and water level risingfreely. The mass residual
of the cell was calculated as the difference between the inflow volume and the change
in storage.

For the experiment with the MODFLOW model, a mesh configuration of five
adjacent cells was used for simplicity. An unconfined aquifer of hydraulic conductivity
1000L/T was assumed for the five square cells of size 100L× 100 L. The length
and time units were described simply as dimensionsL andT because the final results
were dimensionless. The storage coefficient was assumed as 0.01. The experiment was
conducted with discharge ratesQ = 1, 10, 100, 1000,· · · 106,107 L3/T applied to the
center cell of the five cells. A no-flow boundary was assumed around the flow domain.
The water level was allowed to rise during the test. The volume residual was calculated
as the difference between the inflow volume and change in volume. The mesh ratio for
the problem was calculated using (6). The model was set up to run with the strongly
implicit package (SIP), a closure parameter HCLOSE of 0.001, and a maximum number
of iterations MAXITER of 120.



RESULTS AND DISCUSSION
Results of the experiment were first used to develop a plot of the mass residual versus
the mesh ratio. Figure 1 shows the plot for RSM. In the figure, the log of the mass
residual is plotted as a fraction of the net inflow. Accordingto the figure, the mass
residual remains generally small and flat until the mesh ratio reaches fairly high values.
The scatter in the data is a result of the floating point arithmetic and the truncation error.
The figure shows the breaking down of the mass balance equations starting aroundBc

≈ 1×105.

Figure 2 shows the mesh ratios obtained from the same experiment have a sig-
nificant influence on the run time of the RSM model. In presenting these results, the
computational effort is used instead of run time so that the results can be used for future
applications as well. The computational effort is measuredas the number of floating
point operations per time step per cell. The figure shows thateven with low mesh ratios,
the run time increases as the mesh ratio increases. The rate of increase is much faster
when the mesh ratio is close to critical values.

Figure 3 shows the mass residuals obtained for the experiment with the MOD-
FLOW model plotted against the mesh ratio. These results canbe compared to the
results in Figure 1 to show that they are similar. Results of the MODFLOW model
show that mass residuals generally remain in the range 10−4 ∼ 10−7 and the SIP solver
becomes non-convergent when the mesh ratio reaches around 1.0×107.

A practical use of mesh ratio is demonstrated using the regional model RSM for
the entire south Florida. Figure 4 shows a plot from such an implementation. In this ex-
ample, plots of mesh ratio were used to detect mesh problems.These mesh ratios were
obtained after considering the heterogeneity of the physical properties of the system.
The plot shows areas in the mesh with large mesh ratios that need further coarsening.
The mesh ratios in the figure can also be used to predict areas in the model that have
mass balance issues.

CONCLUSIONS
The study shows the existence of a critical value for the meshratio B above which
implicit finite volume models do not conserve mass. In the case of RSM, when the
number of cells is larger than about 2000, the critical mesh ratio Bc ≈ 106. The study
also shows that the mesh ratio can be used as an indicator of potential problems and
deficiencies of implicit finite volume models. These deficiencies can include excessive
mass residuals, and excessive run times. Even if the condition number is the commonly
used indicator for analyzing computational and solver issues, the results show that the
mesh ratio is easier to calculate and can be used for the same purpose. The mesh ratio
can also be plotted on a map along with other geographic features.
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Figure 1: Ranges of residuals as a fraction of net inflow observed for various values of
B. The results are obtained from STA1W cell 4 with 202 cells
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Figure 2: Variation of the computational effort with mesh ratio, B
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Figure 3: Plot of the mass residual as a fraction of the inflow plotted against the mesh
ratio for the MODFLOW model
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Figure 4: A plot of the mesh ratio of a surface water model for the Florida Everglades.
A daily time step is assumed.


